Circular Choosability by Havet, Frédéric et al.
HAL Id: inria-00086981
https://hal.inria.fr/inria-00086981v2
Submitted on 1 Aug 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Circular Choosability
Frédéric Havet, Ross Kang, Tobias Müller, Jean-Sébastien Sereni
To cite this version:
Frédéric Havet, Ross Kang, Tobias Müller, Jean-Sébastien Sereni. Circular Choosability. [Research
Report] RR-5957, INRIA. 2007, pp.33. ￿inria-00086981v2￿
appor t  




























INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Circular choosability
Frédéric Havet — Ross J. Kang — Tobias Müller — Jean-Sébastien Sereni
N° 5957
Juillet 2007
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)
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[a− q +1, a+ q−1] "pUP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v ∈ V hb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cch(G) = inf{t ≥ 1 : G f{]>bf{jobdNz{h0jaz{\ t © bKNc,c#]ohNz{P }.
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L1, L2 ⊆ {0, . . . , p − 1}
hjoP­#f|¢#Pe)Uf|_aK |L1|, |L2| ≥ (1 + ε)qh0er
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p ≥ q hjoP50f{¢0Pe§ t ≥ 1 fg]Sh0z{]ac)#f|¢#Pe§h#]fg]Sh t ©
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1 ≤ i ≤ k :
(i) > 6 wi 6"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(ii) > 6 wi 6  /4& xi ∈ {1, . . . , 2q − 1} 0&- 0'/. 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0 %	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D  60I0 [ai]q ∩ [ai + xi − 1]q 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|⋂a∈Ei [a]q| = 0
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a ≥ 2b _oKNP#joh0qNK Ka/b .b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ja_afgbP%] {0, 1, . . . , m − 1} ∪ {k + m − 1, k + m, . . . , k + 2m} &%nP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{v1, . . . , vn}
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Kh0],\ #GPOOh  ; f > Lh_
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tq − 2q + 1 = 2qn + 1













(n − 1) 2qn + 1
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L(v1) ∩ L(v4) 6= ∅
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i ∈ {2, 3, 4} JLKNP¢#Pja_aP¦ v4 fg]nh0rl`h#bPe#_L_oc v2 h0er v3 her]af|ebP x2 = 2q − x̄h0er
x3 ≥ 2q−(2q− x̄−1) = x̄+1
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x4 ≥ 2q−(2q−(2q− x̄))−(2q−(x̄+1)) = 1
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cch(G) ≤ 2δ∗(G) :

















ch(Kk,mk) ≤ δ∗(Kk,mk ) + 1 = k + 1
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cch(G) = O(ch(G) + ln(|V (G)|)) N¨c#jnhe,\50jhqK G 
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  · %  ³  ¶ -, /.021 %'1' 0% 0 . ( 36,
2 $
	508 6-'. '	
 6 <60%& ,0 60="%'2(	50 0& 09- -' 0"30' .	0=
θ2m,2,2
6 /"0I'1 0 ()0
m ≥ 1 :
  ¶(%k¶ Ä ¶  13  '1
m ≥ 1  cch(θ2m,2,2) ≤ 5/2 :
  ¶§¶o #§P_











































iu = |L(u1)∩ [α]q |

iv = |L(v)∩ [α]q |
her
















4q − iu − iv − iw ≥ 2P¦,_aPerNhNz{Pbc#z|c#dNjo]"JLKNf{]nqNjac¢#P]k_aKh_
θ2,2,2
f{]


























i ∈ {3, 4, . . . , 2m − 1} JLKNPjoP¨c#jaP#.h0#h0f|eª,\#GPOOh0
y
Kh#]h_z{Ph#]m_c#eNPnP¦!_oPerhNz{Pnbc#z|c#dNj  
L(v)∩L(w) = ∅ 0_aKNPe5h0]o]`f{0eS_ac x hbc0z{c0dj
α
cf|_o]z{fg]m_%#GP_
iv = |L(v)∩ [α]q |
her
iw = |L(w)∩ [α]q |
3T~]`Pja¢#PL_aKh_





























(p, q) © L © bc0z{c0dNjhNz{P0 
 ¶  ¶   Ä^ ³ 11  30&
2 $











(p, q) © z{fg]m_ © h#]a]af|#eNOPe!_c G ¤¥PqNjoc¢0PS_aKh_P¢#Pjo\ 2 © bKNc,c#]ohNz{PSbc0eNePb«_oPr¯0jhqNK G h#r^Of_]h





x ≥ 1 "JLKNPeS!\_aKNPUr^P eNf|_af{c0eQc_oKNPLKNPh0j`_% G Kh0]"h>¢#Pja_aP¦ v c0;r^P0joPPc0eNP# @\f{er^db_af{c0eK,\,q;c_aKP]af{]
G − v h0rNOQf|_o]>h (p, q) © L © bc0z{c0dNjof|e­UKNfgbKªbhe;PP¦,_aPer^Pr
_oc v !\ #§POOh0 





cch(G) = O(ch(G) + ln(|V (G)|)) ~¤¥P­Oh®#PeNcBh_`_oPOq^__occ0q^_of|Ofg]`Pbc0e]`_oh0e#_]
%  ²,¶  ² 	 1 "  '1( 36
G 8  n 30&9%0  A	B.I













(p, q) © L © bc0z{c0dj G h0] t + 1 > ch(G) Z^cQPOh\Bh0]o]`dOQPW_oKh_
q ≥ 2 Uf_oKNc0d^_nz{c#]o]c"0PeNPjhz{f_m\#
#GP_Ud]qhja_af|_af{c0e {





















3i, 3i + 1, 3i + 2
dNeNf|¨c0joOQz{\Bh_Ljher^c0O qNjoc¢,f{rNPr5Pr^fgr
ec_nbKNc,c#]aP








_oKNP]`P_cG]aPz{Pb_aP%r5f{er^fgbP],\ K = {k : k Lh0]UbKNc!]`Pe } "¤ f_oKBP%h0bK5f{er^P¦ k ∈
{















q − 1  * bjodbfghz.c0]`Pja¢h_of|c#e5¨c#jL_aKNP]aP£!dNPzf{]_oKh_%Nf k, l ∈ K h0jaPrNf{]`_af{eb«_>h0er
a ∈ Ik, b ∈ Il
N_aKNPe |a − b|p ≥ q kZ^PP¡f|#dNjoPS#
. . .












#GP_nd]n]aP_ I = ⋃k∈K Ik
¡Nc#jUPh#bK
v ∈ V Nz{P_nd]Ur^P eP








  _nUf|z{z_oKNPe¨c0z{z{c _aKh_




O­d]`_SP¦,fg]`_Qh)bKNc#f{bPBc0neNc0e © h0rl`h0bPe!_f|e!_aPja¢h0z{]3c0eNP5¨jac#O P%h0bK #jac#dNqc0L_aKNjoPP#G¨c#j­UKNfgbK |S(v)| ≥ ch(G) ¨c0jSh0z|z v ∈ V  @\°_aKNP





c(v) ∈ S(v)  #§P_d]r^P eNPxh)eNP bc#z|c#dNjaf{eN f ,\ bKNc,c#]af{eN















Kh¢0Pn;PPeBbKNc#]aPe¨joc0O eNc#e © h0rl`h#bPe!_kf{e!_aPja¢hzg] Ic(v), Ic(w) ^]ac_oKh_ |f(v) − f(w)|p ≥ q  _LjaPOhf{e]3_ocS]aKNc _aKh_
t
fg]bKNc!]`Pe5]`dbK_aKh_
P(S(v) < ch(G)) < 1n
KNc0zgrN]¤¥Pj]`_bzghf{O


















− 1   exc0jr^PjU_ocqNjoc¢0PW_aKNPSbzghf{Oj]m_neNc0_aP_oKh_>Pbh0e Ô_oKNf{eW_oKNPz{f{]`_o] L(v)_oc0P_>]adNNz{fg]m_]














3(q − 1) P_mPPe°Pz|POPe!_o]c0 L′(v) Q¤¥P5bh0e¯bc0e]`_ajodb«_ L′(v) ,\_h®,f{eN_aKNPj]m_%N_aKP
(3(q − 1) + 1) © _aKGN_aKP (6(q − 1) + 1) © _aK§.herª]`cc#eªdNqx_acBh0erxf{ebz{dr^f{eN_oKNP




⌉ Lher PxrNf{]obh0jor _aKNP
(M(q − 1) + 1) © _oK Pz{POPe#_%_och¢#c0fgr q;c#]o]`f{Nz{P
Ujhq © hjoc0der PB.Pb_o] #GP_d]QUjaf|_aP L′(v) =




J ⊆ {1, . . . , i − 1} ,z|P_ A(i, J) r^PeNc_oP~_oKNPP¢#Pe!_L_aKh_ aj ∈ I¨c#j
j ∈ J her aj 6∈ I ¨c#jh0z|z j ∈ {1, . . . , i− 1} \ J §¤¥PWbz{h0f|O _aKh_k¨c#jP¢0Pja\ J ⊆ {1, . . . , i− 1}PKh¢0P
















































































































− 1 ≥ 12 ch(G) + 18 lnn,
f@ P0^f|



































cch(G) ≤ 2δ∗(G) ;]`cQ_aKh_













r © qh0j`_of_oPS#joh0qNK§Uf|_aK¯Ph#bKªqhja_~c0k]`f P m 










JLKNP5c0jo®)c0 1 h f|_­her	jof{¢0Pz{P¢,fgbK¯h0z{]ac)bc#e]`fgr^Pjo]bc0OqNz{P_aP
OSdNz|_af{qhja_af|_aP
0jhqNK]­Uf_oK eNc0_h0z|zqh0j`_]­c0nP£!dhzL]afP03Nd^_Uf|_aK ec_Q_ac,c°OSdbK r^fB;PjaPebPf{e
]af PP_mPPe¥_aKP5]`Ohz{z{P]`_h0er°_aKNPzghjo0P%]m_qhja_o]  eqNjaf{ebf|qNz{P0c0dNjjoP]adNz|_her¯qNjoc!c0bheP
h#rNhqN_aPr¬_ac hzg]ac¯bc¢#PjS_aKNfg]h0rr^f_of|c#ehzUbz{h#]a]Scbc0OqNz{P_oP
OSdNz|_af{qhja_af|_aPx0jhqK]kNd^_PKh¢#P
bKc#]aPe¯_acxc0Of|__aKNfg]KNPjaP#  _­]`Kc0dNzgr¥PeNc0_aP%r°_oKh_ * z|c#e her¬.h0®,] kqjac¢#Ph¢#Pjo\°]`f{Of|zghj
joP]adNz|_n_ac
ijoc0q;c#]af_of|c#e ;Pz{c ¨c0j
T © bKc!c!]ah0Nf{z|f|_m\ckbc0OqNz{P_aPSNf{qhja_af|_aPS0jhqNK] ; herªf|e)Äh0b«_#f|¢#PWh]af{OQf{zghjLqNjoc!c0 > 
  ¶(%k¶ Ä ¶  1  
cch(Kr∗m) ≤ 3(ln m+ln r)ln(1+ 16r−1 ) + 1
:
  ¶§¶o¤¥PnqNjoc,bPP%rQh#]3f{eS_oKNPnqNjoc,c.cJLKNPc#jaPO }^0]aPz{Pb_af{eNh]`d]`P_ K ⊆
{








]aP_] K1, . . . ,Kr ;,\h#]a]af|#eNf{eNP%h0bK)f{er^P¦
k ∈ K dNeNf|¨c0joOz|\)h_~jherNc0O _ac





 L_aKPBqh0j`_of_of|c#e¥c0L_aKNP5¢#Pja_aP¦ © ]aP_f{] V = V1 ] · · · ] Vr _aKNPe PUf{z{zh_a_aPOQqN_­_ac)bc0z{c0dNj
Kr∗m
d]af|eNc#eNz|\5_aKNPbc#z|c#dNj]k¨joc0O I1 ¨c#j_aKNP¢#Pja_afgbP]c0 V1 ^c#eNz|\5_aKNPbc#z|c#dNj]k¨joc0O I2 ¨c#jL_aKNP¢#Pja_afgbP%]3c
V2
,her]acc0eGJLKNfg]kbhe;P~r^c#eNPUqNjoc¢,f{r^P%rS_aKh_#¨c0jkP%h0bK
i ∈ {1, 2, . . . , r} herP%h0bK
v ∈ Vi
^PKh¢#P






JcB]aPP_oKNfg];eNc_of{bP_oKh_Wf ; } > KNc0zgrN]U_oKNPe°P­bhe)r^P eNPQh5bc#z|c#dNjaf{eN,\qNf{b®,f{eNBh0e)hjoNf_ojoh0ja\


















P(L′(v) = ∅) < 1rm
3¤¥P~bheBh0#hf{e_oh0®0P





3(q − 1) P_mPPe










_aKNPqNjoc,ccJLKPc0joPO %} > N]`cQ_oKh_





















fg] . 0 (.0%0
$
%673.	0 fm§#f|¢#Pe°h0e,\ªz|fg]m_ © h#]a]af{0eNOPe!_ L ]adbK)_oKh_P¢#Pjo\xKh0]h
z|fg]m_c0]af P5h_z{Ph#]m_f|_o]Sr^P#jaPP0_oKNPjoP5P¦,fg]`_o]hxqNjoc0q;Pj
L © bc0z{c0dNjof{eN
c0 G  * _aKNPc0joPO f|erNPq;Per^Pe!_az{\qjac¢#Pr,\ @c#jac^r^f{e  Hnher jr#]kpUdNf|e her Jh\,z{c0jB¼u%X ]`PP
h0z{]ac {%}%X ]`_oh_oP]­_aKh_h













f : V (G) →  p +  * e





f{]xh z|fg]m_ªh0]o]af|#eNOPe!_]adbK _oKh_¨c0jxhe,\ ¢0Pj`_oP¦
v ∈ V  L(v) ⊆
{0, . . . , p − 1} her |L(v)| ≥ max{1, f(v)q}  ¡Nc#j
h0e!\ joPh0z>e,dNO­;Pj t ≥ 1  G fg] f $ (p, q) $%673	0 f|f|_~fg]

























(v1, v2, . . . , vn =
v)
c0^_aKNP¢0Pj`_of{bP]G]adbK_oKh_¨c0jP¢0Pja\








  ¶(%k¶ Ä ¶  1    0&"%'1' 0% 0 .<(. 36 8   n ≥ 3 0&D9%0& , 


















i ∈ {1, 2, . . . , n − 2} FN_oKNf{]~fg]q;c#]o]af|Nz{P~]af{ebP#,h_P%h0bKB]`_aPq§
vi
Kh#]h_z{Ph#]m_
(2d(vi)− 1)q − (d(vi)− 1)(2q− 1) = q + d(vi)− 1bc0z{c0dNj]h¢h0f|zghz|P#JLKNPe§^,\ #§POQOh0
vn−1
Kh0]Lh_Uz{Ph#]m_
















(2d − 2)  ,  
  0
JLKPWOh0f|exjoP]adNz_Uc0_oKNf{]>]`P%b«_af{c0efg]Uh0]¨c0z{z{cn]C
%  ²,¶  ² 	 1  ; 0
G
%0: %'1' 0% 0 .(. 36 '



















(2d − 2) $ .	0: 6C
(a)
 ,"D0%0 F 
(b)




(2d − 2) © bKNc,c#]ohz|P~_ac0jhqK]UKNf{bKªbc0e!_oh0f|e H h#]Uhef|er^dbP%rx]`dN0jhqNK§
0² 	 	¬21  ; 0
G
%0 %'1' 0% 0 . (.93 : > 6 G 3<' '.0 . % (.93 H 8 29%",<
	&	+
(2dH − 2) $
.	0 '. %' '6 I	50&:' 0 0 .()0E:0'
G
, 	  
	&	+
(2dG − 2) $%673	04:
  ¶§¶o #GP_d]Bqjac¢#P)f_,\ f{er^db«_af{c0e c0e |V (G)| − |V (H)| n_aKP¯joP]adNz|_BKNc0zgr^f{eN¬_ojaf{¢,f{h0z|z{\ f
|V (G)| − |V (H)| = 0  Z,dNqNq;c#]aPBeNc _oKh_ |V (G)| > |V (H)| ¬Z,f|ebP G fg]Qbc0eeNPb_aPr§"_aKNPjaPP¦^f{]`_o]h­]aP_LcGr^fg]Älmc0f{e#_LeNc#e © _ojaf{¢,f{h0zN_ojaPP] Ti  1 ≤ i ≤ l ,Ph#bK5Uf_oK
h­dNeNfg£#dP~¢#Pja_aP¦ ri f|e H ]`dbK_oKh_














(2dG − 2) © (p, q) © z|fg]m_Wh0]o]`f{0eNOPe#_nc0 G  * ]o]`f{0e)hBbc0z{c0dj a _ac x  #§P_ L′ P­_aKNPz{fg]m_ © h#]a]af|#eNOPe!_Sr^P eNP%r¬,\ L′(v) = L(v) \ [a]q f| v f{]Qh¯eNPf{0K,;c0dNjSc x her L′(v) = L(v)c0_aKNPjaUfg]aP0nRz|P%hjoz|\#
L′
f{]~h
(2dG−x − 2) © (p, q) © z{f{]`_>h0]o]af|#eNOPe!_nc G − x >Z,c,\
f{er^db«_af{c0eGf|_h#r^Of_]Uhbf{jobdNzghj
(p, q) © L © bc0z{c0djaf{eN c UKNfgbKªbh0eB_ojaf{¢,f{h0z|z{\5;PP¦,_aPer^Pr












2 © bc0eNeNP%b«_oPr5#joh0qNK]¤¥PUf{z|zGh0z{]acbc0e]`fgr^Pj_oKNP  ( ^_aKNP#joh0qNKBUf|_aKx¢#Pja_aP¦B]aP_
{t, u, v, w} her
PrN0P]`P_ {tu, tv, uv, vw} 
  ¶(%k¶ Ä ¶  1/  60A6		 8 ')( (. 36)04




; f|f > 0   (5:
  ¶§¶U¶ % N% ; f > ¶  ¶ %¶ 4¨4 ¶  1   #§P_
xu1 . . . ui−1y

xv1 . . . vj−1y
her
xw1 . . . wk−1y;PQ_aKNP_oKNjoPPqh_oK]W¨c0joOf|e
θi,j,k
5Z,f{ebP_aKNPjaPhjoPQeNcxO­dNz|_af{qNz{PPr^#P]§POh\)h0]o]adNOPS_oKh_
i, j ≥ 2 #GP_
L
P~h
















(u1, . . . , ui−1, v1, . . . , vj−1, y, wk−1, . . . , w1, x)

%>PebP0NPeNcDh#]a]adNOPW_aKh_

















α + β ≥ 4q − (2q − 1) = 2q + 1  













4q − 6q + α + β + 1 ≥ 2 P¦,_oPerNh0Nz{Pbc0z{c0dNj] 
@P¨c#jaPW_oKNPqNjoc!c0c0G_aKPeNP¦,_nqh0j`_%^PeNc0_aP_aKP¨c0z{z|cUf{eNQPh0]a\Bbc0e]aP£!dNPebPWcA#§POQOh.C
0² 	 	¬21/ > 6 L ,  (p, q) $ 	+,&3%&('1/40'<6 K2 8  p ≥ 2q &%  |L(x)| ≥ q '/.
|L(y)| ≥ q + 1  0' K2 , (p, q) $ L $ %	5
	04:
  ¶§¶¶ % ^ ; f{f > ¶   ¶(%k¶ 4¨4 ¶  1/  Z,dNqqc!]`PQ¨c0jhxbc0e!_ajh0r^fgb«_of|c#e)_oKh__oKNPjoPP¦^f{]`_o]h
(2d − 2) © (p, q) © z|fg]`_Wh0]o]af|#eNOPe!_ L ]adbKª_oKh_W_aKNPh
f{]~eNc0_ (p, q) © L © bc#z|c#dNjhNz{P0n¤ f|_aKc0d^_z|c!]a]c0#PeNPjoh0z|f|_m\0,POh\5h#]a]adNOPW_aKh_
L(w) = {0}, |L(v)| = 4q her |L(u)| = |L(t)| = 2q 
 '  	 1
0 /∈ L(t) ∪ L(u)
Z^dNqNq;c#]aPeNc0_ @\]a\,OOQP_ajo\0POh\h0]o]`dOQPk_aKh_
0 ∈ L(t) JLKPe§_oKNPjoPP¦^f{]`_o] ku ∈ L(u)\[0]qh0er
kv ∈ L(v) \ ([0]q ∪ [ku]q)
 %>PebP0
c(t) = 0, c(u) = ku, c(v) = kv, c(w) = 0
f{]Wh
(p, q) © L ©bc0z{c0dNjof{eNSc0G_oKNPhNhbc0e!_ojoh#r^f{b_af{c0e§3JLKNfg]LqNjoc¢0P%]URzghf{OY#
 '  	 "
(L(t) ∪ L(u)) ∩ [0]q 6= ∅
:
Z^dNqNq;c#]aP>¨c#jhQbc#e#_ojoh#r^fgb«_af{c0e_oKh_


















k_aKNPe |L(v) \ ([0]q ∪ [kt]q)| ≥ q + 1 h0er |L(u) \ [kt]q | ≥ q  Z,ck,\#GPOOhN,_oKNPbc#z|c#dNjof|eN
c(t) = kt, c(w) = 0
Oh\;PP¦,_aPer^Pr
_oc5h






,_aKNPe |L(t) \ [kv ]q | ≥ q + 1 her |L(u) \ [kv ]q | ≥ q + 1 3Z^c,,\#GPOOh5%N#_aKNPbc#z|c#dNjaf{eN
c(v) = kv, c(w) = 0
Oh\Q;PWP¦,_aPer^Pr5_ach
(p, q) © L © bc#z|c#dNjof|eNc0§_aKP
;hNhbc0e!_ajh0r^fgb«_of|c#e§"JLKNf{]nqNjac¢#P]URz{h0f|O }^
@\]`\,OOP_oja\##P>Oh\h0]o]`dNOPU_oKh_
(L(t)∪L(u))∩ [0, q − 1] 6= ∅ A#GP_ kt ;Pn_aKP>Of|ef|OSdNOf{e!_aP0PjLf{e_aKNfg]n]aP_3¤ f|_aKc0d^_nz{c#]o]Lc0PePjhz{f_m\#^POh\Bh0]o]adNOP>_oKh_
kt ∈ L(t)

 '  	   |L(u) ∩ [kt]q | ≥ q + 1 :
Z^f|ebP |L(v)\ ([0]q ∪ [kt]q)| ≥ q +2 !f_¨c0z{z|cn]3_aKh_ |L(u)\ [kt]q | < q F#c0_aKNPjaUfg]`P#0,\"#§POQOh%N_oKNPªbc#z|c#dNjaf{eN
c(t) = kt, c(w) = 0
Oh\ ;PªP¦,_oPer^P%r¬_oc h
(p, q) © L © bc0z{c0dNjof|e°c~_aKNP ;hhbc0e!_ajh0rNf{b_af{c0e§"JLK,d] |L(u) ∩ [kt]q | ≥ q + 1 3JLKNfg]UqNjoc¢0P%]nRz{h0f|O %>PebP0_aKNPjaPP¦,fg]`_
lu
her







[kt − q + 1, 0] ∩ L(u)

* ehz{c0#c0d]az|\W_ocRzghf{O N |L(t)∩ [lu]q | ≥ q+1 %>PebP0_oKNPjoPLP¦^f{]`_o] lt ∈ L(t)∩ [lu−q+1, lu] 
 c
J = [lt]q ∪ [ku]q ∪ [0]q ⊂ [lt − q + 1, ku + q − 1]
 @d^_
lt ≥ lu − q + 1
h0er
ku − lu ≥ q

]ac |J | < 4q   _¨c#z|z{cn]_oKh__oKNPjoP5P¦,fg]`_o] lv ∈ L(v) \ J ªJLKNPe c(t) = lt, c(u) = ku, c(v) =
lv, c(w) = 0
f{]Uh
(p, q) © L © bc#z|c#dNjof|eNSc_aKNPh0Nhbc#e!_ajh0r^fgb«_of|c#e§ 




%'' 0% 0 . (.93 8 
9 , ' = .	0:  0' G , 
	&	+
(2d − 2) $ %673	04:





n ≥ 4 _oKNPe§,\ #§POOh J G fg]Qbf|jbdz{h0jaz{\















uv ∈ E(G) 
vw ∈ E(G) her uw /∈ E(G) ¥Z^f|ebP G fg]eNc0_Qbc0OqNz{P_aP#_aKNPjaP























































C © qh_aKQf|e G X _oKh_3fg]#h~qh_aKUf|_aKQc0_aKPerN]3r^fg]m_of|eb_kherSf{e V (C) !her­_aKPUf|e!_aPjaehz,¢0Pj`_of{bP]f{e




























j ≥ 0 ]adbK_oKh_ vuj fg]heBP%r^0P# @\joc_h_af{c0e5h0jac#dNer C ,P~Oh\h#]a]adNOPW_aKh_
j2 6= l

































 ¶  ¶   Ä^ ³ " ; 0
G




(2d − 2) $ %673	04:
  ¶§¶o  
G




















(2d − 2) © bKNc,c#]ohNz{P>,\Bikjac#qc!]`f|_af{c0e¥w^ 
  ¶(%k¶ Ä ¶ #" 1  00I,
	&	+
(2d − 2) $ %673.	0









q ≥ qk(T )
her
p ≥ ∆(T )q + 4kq ,_oKNPjoPWP¦^f{]`_o]h
(p, q) © z{fg]m_ © h#]a]af|#eNOPe!_ L ]adbK_aKh_ ; f > ¨c#j~he,\ v ∈ V (T )  L(v) ≥ max{(2d(v) − 2)q, k} her; f|f >
T
f{]LeNc0_
(p, q) © L © bc0z{c0djoh0Nz|P#JLKNPBjaP%]`dNz|_o]KNc0zgrN]_ojaf{¢,f{h0z|z{\)¨c#jhx_ajoPPUf|_aK_mcx¢0Pja_afgbP%]  _S]ad
E5bP]_acx_oh0®0P
qk = k + 1

L(a) = L(b) = {1, . . . , k} h0er p ≥ q + 4kq #GP_
T
PhS_ajoPPUf|_aK















j ∈ {1, 2, . . . , k} 3JLKNPe§ T ′ = T − {u1, . . . , ui} fg]Uh­_ojaPP0#GP_





qk(T ) = max{k, q′k(T ′)}
 #GP_
q ≥ qk(T )
h0er
p ≥ ∆(T )q + 4kq  @\ f{er^db_af{c0e§_oKNPjoP¥P¦^f{]`_o]xh
(p, q) © z|fg]`_ © h0]o]`f{0eNOPe#_ L′ c0 T ′ ]adbK _oKh_ ; f > ¨c0jxhe,\ v ∈ V (T ′)  L′(v) ≥
max{(2dT ′(v) − 2)q, k′}
her ; f{f >
T ′
f{]Lec_
(p, q) © L′ © bc0z{c0djoh0Nz|P#¡c0jhe,\
j ∈ {1, 2, . . . , i} .z{P_ Ij ;PQh]`P_Wc0 k bc0e]`P%bd^_of|¢#P­f{e#_oP#Pj]~]adbK)_oKh_W_aKP]aP_] Jjc0



































  ¶§¶U¶ %  ²,¶  ² 	 1  ¬i3hja_ ; f{f > c0G_aKP~_oKNPc#jaPO ¨c0z{z{cn]k¨joc0O ijac#qc!]`f|_af{c0ex}^herB_aKPÄh0b«_
_oKh_
cch (C2k+1) = 2 +
1
k > 2









(2d− 2) © bKNc,c!]ah0Nz|Pc#jLeNc_%3¤¯Pbc0elmP%b«_adjaPW_aKP¨c0z{z|cUf{eNC
 ¶  ²  G ² "" 1 %'1' 0% 0 .I(.93 ,
	5&	+
(2d − 2) $ %673.	0=







(2d − 2) © bKNc,c#]ohNz{P0
	~P]aqNf|_aPeNc0_bc0OqNz{P_oPz{\°bKhjh0b_aPjafg]`f{eN_oKNP5bf{jbdNzghjoz|\











 ¶  ¶   Ä^ ³ "   ; 0
G
%0  (.93 8   I




   	   x   !"  ¥  !  ! !  G«

	   - !   #$
V)c0Kh0j­ 3h0]a®0Pr¨c#j>_oKNPQ¢h0z|dP­c
τ := sup{cch(G) : G f{]LqNzghehj } ~¤¥Pjo]`_W]aKNcI_oKh_WP¢0Pja\qz{h0ehjU#joh0qNKBfg]nbf{jbdNzghjoz|\
8 © bKNc,c#]ohNz{P0,herx]ac τ ≤ 8  * Ö_aPjoLhjrN]^PP¦^KNf{Nf|_U¨c0jnP%h0bK n ≥ 2hQqNzghehjL0jhqNKUKNc!]`Pbf{jbdNzghjUbKNc#f{bPWe,dNOSPjUf{]Uh_nz|P%h0]`_
6 − 1n
f|OqNz{\,f|eN
τ ≥ 6 JLKNPQqNjoc,cck_aKNPS¨c0z{z|cUf{eNB_aKNPc0joPO f{]Wf{e]aqNf|joPr)!\)JLKc0Oh0]o]`Pe ]nqNjoc,c3¨c0j










  ¶(%k¶ Ä ¶ #"  ; 0
G
0  ' 0%"D&9')(.
	9' <*:04:  &/@3 	0 3 	' =(.93 8 
9 %'%,&<6  .	0
C
'. 0&D9%0& '/. 0 .()0& '6&*.0
C
%%  640%.% %
'.0 . 6.%0 , %
'/. 0 . 
 &9')(.	0:   -
p ≥ q  8  ' 0 (0% :'/. 	0 L %0  (p, q) $ 	+,& $ %%(.'/"0' &%  ∀v ∈
V, L(v) ⊆ {0, . . . , p − 1} 8   |L(v)| ≥ 4q − 1  6 v ∈ C '/. |L(v)| ≥ 8q − 3 0 8 ,04:  60''
(p, q) $ L $
3 0%%	














4q−1−2(2q−1) = 1 bKNc#f{bP_acbc#z|c#dNj_aKNPUzgh0]`_3¢0Pja_aP¦Z,dNqqc!]`Pec _aKh__oKNP~joP]adNz|_fg]_ajodNP~¨c0jP¢0Pja\QeNP%hj_ajof{h0eN0dNzgh_of|c#e5Uf|_aK
h_Oc!]m_

















































[a]q ∩ [b]q = ∅
QZ^dbK¯bc0z{c0dNj]>P¦^f{]`_]af{ebP








  _f{]h¯eNPh0jS_ojafghe0dNzgh_of|c#e¬Uf_oK c#d^_aPjQb\^bz{P
u1u2 . . . uk−1v1v2 . . . vdu1
 ¤¯P
rNP eNPx_oKNP)z{f{]`_ © h0]o]af|#eNOPe!_ L′ c0 G′ ,\ L′(v) = L(v) f| v /∈ {v1, v2, . . . , vd} her L′(v) =





















  ¶(%k¶ Ä ¶ #"   '1
n ≥ 2   600=09-,&9I 3 	' <(.93 Gn 8  cch(Gn) ≥ 6 − 1n
:
  ¶§¶o1#GP_
t = 6 − 1n

n ≥ 2  #§P_ p h0er q P_mc5f{e!_aP#Pj]UUf|_aK q = 3n her p O­dbKªzghjo0Pj_oKhe
tq = 18n−3  * z{z^_oKNP>bc#OqNd^_oh_af{c0e]3h0erQf|e!_oPjo¢h0z{]3h0jaPLOc^r^dNz{c p ¤¯P~bc0e]`fgr^Pj"_oKNPUqNzgheh0j#joh0qNK
Hm
c0¡f|#dNjoP}N^Uf_oK
















[r − q + 1, r + tq + q − 1] ∩ [s − q + 1, s + tq + q − 1] = ∅  
 c¨c#jUPh#bK











(p, q) © L © bc0z{c0dNjoPrQZ,c ¦¯hxbc0q,\ Ha,b c Hm S¤¥P5r^P eNPQ_aKNPQ¨c#z|z{cUf|e
z{f{]`_h0]o]`f{0eOQPe!_C¡Nc0jh0e,\
i ∈ {0, 1, . . . , m}  L(xi) = [a]q ∪ [b]q ∪ Ii ∪ Ji UKNPjoP
Ji = [ci, ci + 2q − 2 − i]
Ii = [ci−1 + q − i, ci−1 + q − 1] = [ci−1]q ∩ [ci−1 + 2q − 1 − i]q
; eNc_oP_aKh_













0 ≤ i ≤ m − 1 > 5JLKNPjoP¨c#jaP#Ph0bK¯z|fg]`_Kh0]]afP |L(xi)| =
2(2q − 1) + i + (2q − 1 − i) = 6q − 3 = 18n− 3 = tq #GP_Sd]_ajo\)_oc




































i ∈ {1, . . . , m}  %ncP¢#Pj% Jm = ∅ h0er
KNPebP_aKNP#joh0qNKBfg]LeNc0_ (p, q) © L © bc0z{c0djoh0Nz|P# 










k ≥ 3 ^Pr^P eNP




6 ≤ τ(3) ≤ 8   e_aKNfg]­]aPb_af{c0e¬h0er¥_aKNPBeNP¦,_"P5Uf{z|zP]`_ohz|fg]`K_oKNP¨c#z|z{cUf|e;c0derN]C
 τ(k) ≥ 2 + 4k−2
¨c0jnhe,\
k ≥ 3 F
 τ(4) ≤ 6 F τ(5) ≤ 4 + 12
F
τ(6) ≤ 4 F τ(8) ≤ 3 + 13
F
τ(9) ≤ 3 FNher
 τ(4l + 2) ≤ 2 + 2l
¨c0jnh0e,\








  ¶(%k¶ Ä ¶ #"  I'1
k ≥ 3 '. n ≥ 2  600=0&-,&9  3 	5'  ( 36 Gk,n 76 (.&  k 8 
cch(Gk,n) ≥ 2 + 4k−2 − 1n
:
  ¶§¶o.¤¯PQOh\xh#]a]adNOP
k ≥ 4 rNdNP­_oc
ikjac#qc!]`f|_af{c0e¯}.JN #§P_ t = 2 + 4k−2 − 1n























(l − 1) _af{OQP%]F]aPP­¡f{0dNjoP­ 	>PeNc_oP_oKNP­¢#Pja_afgbP]>c0eª_oKNP­f{er^dbPr)qh_oK)cz{PeN0_aK l ;P_mPPe uh0er
xi
,\












k = 2l + 2
;PSUf|z{z¨dNja_aKNPjW]adN.r^f|¢,fgr^PS_aKNPSPr^#P
xixi+1
; c0ebP > WJLKNPQbh0z{bdNz{h_af{c0e]n¨c0j~_aKNPS_mc
bh0]aP]LhjoP]`f{Of|zghj%N]ac­¨joc0O eNc c#e
PUf|z{z§c0ez|\Bbc0e]afgr^Pj_aKPbh0]aP
























































L(u) = [r, r + tq − 1] _oc u h0er
L(v) = [s, s + tq − 1] _oc v Uf_oK r her s bKc#]aPe)]ac5_aKh_>_oKNP­z{fg]m_] L(u) her L(v) h0jaP­h_>z{Ph0]`_bf|jbdz{h0jrNf{]`_oh0ebP
2q
hh\x¨joc0O Ph0bK¥c_oKNPj%5¡Nc#jPh#bK





















(p, q) © L © bc0z{c0djaP%rG¤¥P N¦hbc0q,\ Ha,b c0 H ′m

¤¥P r^P eP¯_oKNP¯¨c0z{z|cUf{eN z|fg]m_ªh0]o]af|#eNOPe!_C ¡Nc0jxhe,\
0 ≤ i ≤ m h0er 1 ≤ j ≤ l − 1 






























w ∈ {u, v}, 0 ≤ i ≤ m h0er 0 ≤ j ≤ l − 1 ;h0jaP­bKc#]aPe)]ad
E5bf{Pe!_az{\Äh0jh0qhja_¨joc0O Ph#bKc_aKPj% 
 c#P%h0bKc_oKNP]aP>z{fg]m_]kKh#]]af P |L(uji )| = |L(vji )| = (j(tq− 2q)+
1) + (2q − 1− (j − 1)(tq − 2q)) = tq 3¤¥PKh¢0PW\0P_L_ach0]o]`f{0e
z|fg]`_o]_acQ_oKNP¢0Pja_afgbP%] xi ¡c0jnhe,\






Ji = [ci, ci + tq − 2(2q − (l − 1)(tq − 2q) − 1) − 1 − i(2(l − 1)(tq − 2q) + 2)]
= [ci, ci + (2l − 1)(tq − 2q) − 2q + 1 − i(2(l − 1)(tq − 2q) + 2)]
h0er
Ii = [ci−1 + (2l − 1)(tq − 2q) − 3q + 2 − (i − 1)(2(l − 1)(tq − 2q) + 2), ci−1 + q − 1]









 ]3JLKNP%]`PWz|fg]`_o]LKh¢#P~]afP |L(xi)| = 2((l − 1)(tq − 2q) + 1) + ((2l− 1)(tq − 2q)−
2q + 2− i(2(l− 1)(tq − 2q) + 2)) + (q − (2l− 1)(tq − 2q) + 3q − 2 + i(2(l− 1)(tq − 2q) + 2)−
(2(l − 1)(tq − 2q) + 2)) = tq #GP_>d]U_ajo\5_ac

































i ∈ {1, 2, . . . , m}  %>cP¢0Pj
Jm = ∅
herBKNPebP_oKNP0jhqKBfg]UeNc_
(p, q) © L © bc0z{c0dNjhNz{P0¡c0jQ_aKNPªbh0]aP

























; f > > 6 Mad(G) < k + 1  60' cch(G) ≤ 2k :
; f|f > > 6 Mad(G) < 2 + 23n−1
 60'
cch(G) ≤ 2 + 2n
:
; f{f|f > > 6 k ≥ 2 '. Mad(G) < k + 1 + k+1−r2k+3−r 8

0 ≤ r ≤ k 0' cch(G) ≤ 2k + 2r+2
:
; f|¢ > > 6 k ≥ 2 '. Mad(G) < k + 1 + k+1k+1+s 8

s ∈ {1, 2} 0' cch(G) ≤ 2k + 4s+2
:
i3hja_ ; f > ¨c0z{z|cn]¨joc0O _aKPÄh0b__aKh_Sf|
Mad(G) < k + 1
_aKNPe
δ∗(G) ≤ k herP5h0qNqNz{\#GPOOh¥w^JLKP
c0_aKNPj­_mc¯qhja_o]SUf|z{z¨c0z{z|c ¨joc0O ]`_ajodb«_odNjoh0zqjac#qPj`_of|P%]­c0>0jhqNK]_aKh_hjoP








cch(H) ≤ t ¨c#jUP¢0Pja\BqNjac#qPjU]`dN0jhqNK H c0 G 
0² 	 	¬ "& ; 0
k





(2k + α) $
&D9	(. 36 8  α ≥ 0 : 0'
G
63I/:'/:
/ .0 (0%0: 	0%3&
k + 1
:
  ¶§¶o * ]
















(p, q) © L © bc0z{c0djaP%r ]`f{ebP#>,\ _aKNP r^P eNf|_af{c0eDc G  cch(H) ≤ 2k + α  #GP_










(p, q) © L © bc#z|c#dNj
G− v JcQh0qNqNz{\ #§POQOh
 ; f > ^Pbh0e
bc#e]af{r^Pjk_oKNPbc#z|c#dNjaf{eNSc G− v h#]hSqNjoPbc0z{c0dNjof|e­her§KPebP0N_oKNPe,dNOSPjnc3P¦,_oPerNh0Nz{Pbc0z{c0djo]¨c#j
v
fg]nh_~z|P%h0]`_
tq − k(2q − 1) = αq + εq + k ≥ 1 JLKf{]L\,f{PzgrN]nh
(p, q) © L © bc0z{c0djaf{eN­c0 G hbc0e!_ajh0rNf{b_af{c0e§ 
¡c0jkqhja_ ; f{f > cijoc0q;c#]af_of|c#e}0N#Pnd]`PU_oKNPU¨c#z|z{cUf|ez|POQOhUKf{bKfg]khr^f{joPb«_bc0e]`P%£#dPebP
c0 #GPOOhN













/ .0 (0%0: 	0%3&  8  '. ' :6'/.2	0476I&. 0I/"0 6' n − 1 :






) © bjaf|_afgbh0z|f|_m\0 









) © bjof_of{bhz#joh0qNK] #GP_ G ;P~]adbK5h#joh0qNK§ @\"#GPOOh0]}0vher#N G Kh0]Of{eNf{O­dNOYr^P0joPPQh_~z{Ph#]m_~_mcher)_aKNPjaPQhjoP­eNc
Kher^z|P%]>c0kc0jr^Pj>Oc0joP_oKhe





























¡c0jUqh0j`_] ; f{f|f > her ; f|¢ > cijoc0q;c#]af_of|c#ex}0N^PWePPr
_oKNP¨c0z{z|cUf{eNQz|POOh
0² 	 	¬  1 ; 0
k ≥ 2 %0:' ' 0D()0 -'. G  (2k + α) $ &D9%	 (936 8   α ≥ 0 :  0' 
(i)
0 ' 0(36%
% <6  0& 09-=<6@. 0 (.0%0
k+1
7')( . 0 (.0%0
k+1




  60'  0& 09- <6 . 0 (.0%0
k + 1
,  .  %0'1<  </4&
r
30&9%0"<6 . 0 (.0%0
k + 1 F '.
(iii)
6
s ∈ {1, 2}   6 α ≥ 4s+2
 0'  0& 09-476@.0D(.0%0
k+2






  ¶§¶o * ]






















































2q − 1 bc#z|c#dNjo]Lh0jaPW¨c0joNfgrNr^Pe
,\BP%h0bK






















k ≥ 2 #_aKNPjaP~f{]h¢#Pja_aP¦ u ec_f{e H h#rl`h0bPe!__oc z 3T~]aPjo¢0Pn_aKh_!fPnbc0e]afgr^Pj_aKPn]`dN0jhqNK
H ′
f{er^dbPrQ,\ {u, x, y, z} %_aKNPec0dNj"#c#hz^fg]_ac (p, q) © L′ © bc0z{c0djf_%3Uf_oK
L′(u) = {c(u)} "her L′(a) = L(a) \ ⋃w∈N(a)\V (H′)[c(w)]q
¨c0j
a ∈ {x, y, z} 
 c0_aP_oKh_%¨c#j
a ∈ {x, y, z} G_aKNP
z|fg]m_ L′(a) Kh0]­]af P5h_Sz|P%h0]`_ 4q f au fg]­h0e Pr^#P0"herh_>z{Ph#]m_
2q


































 @\ ; f > _aKP¢0Pj`_of{bP]
v1, . . . , vi+1
h0jaP3qh0f|joUfg]`P3eNc#e © h0rl`h#bPe!_7F_oKNfg]§c0]`Pja¢h_of|c#ef{]Qf{Oqc#j`_he!_­¨c#j_aKP
¢hz{fgr hqqNz|fgbh_af{c0e c0<#§POQOh 0¬Rc0e]af{rNPjSh0e,\
(p, q) © L © bc0z{c0dNjof|ec











#§POQOh¥ ; f > c0ebPh#h0f|eG._aKNPe,dNO­;Pjc0kP¦,_aPerNh0Nz|Pbc0z{c0dNj]n¨c#j
v
fg]h_z{Ph0]`_
tq − (k −
r)(2q − 1)− (r + 1)(2q − (αq + k + εq)) = 2(α− 1)q + 2(k + εq) + r(αq − 1 + k + εq) =
(α(r + 2) − 2)q + 2(k + εq) + r(k + εq − 1) ≥
(
2
r+2 (r + 2) − 2
)





k ≥ 1 Nhbc#e#_ojoh#r^fgb«_af{c0e














(p, q) © L © bc0z{c0dNjof|eBc G − {v1, . . . , vs+1, v} "@\ ; f{f > §_oKNP¢0Pj`_of{bP]
v1, . . . , vs+1
hjoPO­d^_odhz{z{\¯eNc#e © h0rl`h#bPe!_%]af|ebP α ≥ 1  %>PebP0"d]af|e #§POOh ; f > _aKNPe,dNO­;Pj5c0P¦,_aPerNhz|P)bc0z{c0dNj]S¨c0j
vi
¨c0jBh0e!\
i ∈ {1, 2, . . . , s + 1} f{]
h_5z{Ph0]`_ tq −
k(2q − 1) = αq + k + εq  * qqNz|\,f{eN¬_oKNP¥z|POQOh h!hf{e§L_aKNP¥e,dNO­;Pjxc0P¦,_aPerNhz|Pbc#z|c#dNjo]Q¨c#j
v
fg]Bh_5z|P%h0]`_
tq − (k + 1 − s)(2q − 1) − (s + 1)(2q − (αq + k + εq)) =
2(α−2)q+2(k+εq)+1+s(αq−1+k+εq) = (α(s+2)−4)q+2(k+εq)+s(k+εq−1)+1≥ 1 ]`f{ebP
α ≥ 4s+2
her
k ≥ 1 Nhbc0e!_ojoh#r^f{b_af{c0eB_ac t © bjaf|_afgbh0z|f|_m\0










































k + 2 − (k + 2)η = k + 1 + (k + 1 − r)η  _¨c#z|z{cn]eNc _aKh__aKPBh¢0Pjoh00Pr^P#jaPP0h0er¥KNPebP_oKNP5Oh¦^f{O­dNO h¢0Pjh#PQrNP0joPP#Gfg]h_
z{Ph#]m_




k + 1 + (k + 1 − r)η h0]LjoP£!dNf{joPr























































k+3− (k+3)η = k+1+(k+2s−1)η ≥ k+1+(k+1)η]af{ebP




 _¨c#z|z{cn]eNc _aKh__aKPBh¢0Pjoh00Pr^P#jaPP0h0er¥KNPebP_oKNP5Oh¦^f{O­dNO h¢0Pjh#PQrNP0joPP#Gfg]h_
z{Ph#]m_




k + 1 + (k + 1)η
Nh0]LjoP£!dNf{joPr

     # # '  ,-     !   #$      -    -    0  - #      
!  
T~djGP¢#Pe!_adhz!0c#h0zfg]G_oc~h0qNqNz{\WjoP]adNz|_o]Gc^_aKPqNjoP¢,f{c0d]]`d]`P%b«_of|c#e_ac~qNz{h0ehj0jhqNK]§cNqjaP%]abjaf{P%r


















  ¶(%k¶ Ä ¶   " ; 0
k, s






; f > > 6 G 3<(.&  	0%3& 2n + 2 '/. Mad(G) ≤ 2 + 1n
  60'
cch(G) ≤ 2 + 2n
:
; f|f > > 6 s ≤ 2k + 2  G 63 (.&  :	0%3&6
 '. Mad(G) < k + 1 + k+1−rk+1+s′−r
 8 600
s′ = min{k + 2, s} A 60' cch(G) ≤ 2k + 4s+2
:




cch(G) ≤ 2k + 4s+2
:
@P¨c#jaP
0f{¢,f|eN°_aKNPz{POOh)_oKh_Uf|z{zPxd]aPr_oc¯qjac¢#P5qhja_ ; f > c~ijac#qc!]`f|_af{c0e #}^3z{P_d]
f{e!_ajoc^r^dbP5]ac0OP5ec_oh_af{c0e§ #GP_
G










	' 09. 8  8 0(7
 l f|_oKNPjoPf{]UhbKh0f|ec"c0jr^Pj l ;P_mPPe
_oKNPOx













%0: 0& 09- 76 .0D(.0%0
d ≥ 3 : =0'  0: w1, w2, . . . , wd 0 8 0(32<6 0=%6'6=0/4' '2(@6%/
v
:  60'  ∑d
j=1 wj ≤ (d − 1)n − 2
:
  ¶§¶o!Z,f{Of|zghjoz{\­_ocqNjoP¢,f|c#d]3z{POOh0]#Pn;P#f|eUf|_aKBh
(t+ ε) © (p, q) © z{f{]`_ © h0]o]af|#eNOPe!_ L !UKNPjoP


















j=1 wj ≥ (d− 1)n− 1









































+ εq + d ≥ 1,
]af{ebP ∑d
j=1 wj ≥ (d − 1)n − 1
Nhbc0e!_ajh0r^fgb«_of|c#e§






























d ≥ 3 f{]Uh_nz|P%h0]`_













JcqNjoc¢0P>qhja_o] ; f{f > her ; f{f{f > c0ijoc0q;c#]af|_af{c0ex#}^,PjaP%£!dNf|joP~_aKNP¨c#z|z{cUf|eSz{POOhN
0² 	 	¬   ; 0
G
%0=
(2k + α) $
&D9%	 ( 36 76 (.&
g
'.
s ∈ {0, 1, . . . , k + 1} :
; f > > 6 g ≥ 4 '. α ≥ 4s+2
 0' +0& 0&- <6.0 (0%0
k + 2






  0 .0  ' 0I KNf{PjaeNfghe  "%00& 0&- 76 . 0 (.0%0
k + 2 8  s ' 0(7%
%I76 . 0 (.0%0 k + 1 :1 h0jahjof{h0e , 30& 09- 76 . 0 (.0%0
k + 2 8   09-)D	+ s − 1 ' 0(36%
%<6 . 0 (.0%0 k + 1 :
; f|f > > 6 g ≥ 5 '/. α ≥ 3s+1
  60'  8 =
90&'9'6=%'1'  %0=5.  0' :
; f{f|f > > 6 g ≥ 6 '/. α ≥ 43s+1
  60'  %&9' ,= .  %0'1-  -/"3& ' 0 29%0&'9'/:
  ¶§¶oNJh0®0P




; f > JLKNP­qjac,cfg]~z{h0ja#Pz{\
]af|Of{z{h0jn_acB_aKNPQqNjoc,c3c #GPOOhBN ; f{f|f > .]acBPc0Of|_Wf|_~KNPjaP# 
 c_aP
_oKh_L_oKNPbc#er^f|_af{c0e







































t © bjof_of{bhz{f_m\##GP_d]d]`PW_aKP~¢#Pja_aP¦5c#jorNPjof|eNQh0]Glmd]`_L#f|¢#PeGF^f|_Lf{]Ubz|P%hj_aKh__oKNfg]Lc0jr^Pjof|e­]ah_afg] P]_aKNPqNjoc0q;Pja_af{P]












k ≥ 1 her α, ε ≥ 0  
 c0]af|ebP v fg]3h0rl`h#bPe!_"_ac v1, . . . , vs h0er k+1−sqjaP%bc0z{c0djaP%r5¢0Pj`_of{bP]!_aKNPe,dNOSPjUc"P¦,_aPerNhz|Pbc#z|c#dNj]k¨c#j
v
fg]Uh_nz{Ph0]`_
x = tq − s(2q − x0) − (k + 1 − s)(2q − 1)
= ((s + 1)α − 2)q + k + εq + s(k + εq − 1) + 1.
¤¥PKh¢#P
x ≥ 1 G]af{ebP αs ≥ 2 h0er k ≥ 1  * qqNz|\,f{eNx_aKPQz{POOhªh!hf{e§§]af|ebP v′ fg]h0rl`h0bPe!__oc




k + 1− s qjaP%bc0z{c0djaP%r5¢0Pj`_of{bP]Lher v ^f_U¨c#z|z{cn]_aKh_U_aKNPe,dNO­;PjUc0P¦!_oPerhNz{Pbc0z{c0dNj]¨c0j
v′
fg]Uh_nz{Ph0]`_
x′ = tq − s(2q − x0) − (k + 1 − s)(2q − 1) − (2q − x)




x′ ≥ 0  @d^_L_oKNf{]nOQP%he]_oKh_ G fg] (p, q) © L © bc0z{c0djoh0Nz|P#!hbc0e!_ajh0r^fgb«_of|c#e§








































(p, q) © L © bc0z{c0djoh0Nz|P#!hbc0e!_ajh0r^fgb«_of|c#e§ 
JLKNP­qNjac,c0c0qh0j`_ ; f|f > c0ikjac#qc!]`f|_af{c0eª#}S¨c#z|z{cn]¨joc0O _oKNPqh0j`_ ; f > c"_aKNP­qNjaP¢,f|c#d]Lz|POOh
h0er
f{]U¢#Pjo\5]`f{Of|zghjL_ocQ_aKh_nc"qhja_ ; f{¢ > c0ijoc0q;c#]af|_af{c0eª}NN]acPc#OQf|_nf|_nKNPjoP0
















































(k+s−r)(k+3−s)+1¨joc0O P¢0Pja\ec0e © KNf{PjaeNfgheeNPf|#K!;c0djUcrNP0joPPh_Lz{Ph#]m_ k + 2 ¤¥P>Lhe!__oc­]`Kc ec _oKh__aKNP~eNP bKh0ja#PUc§P¢0Pjo\­¢#Pja_aP¦Sfg]h_kz|P%h0]`_





k + 1 + (k + 1 − r)η ]af{ebPf|_­Kh#]h_z{Ph#]m_
k + 1 − r eNPf|#K,c#dNjo]W_oKh_!h¢0PQf_­bKhjo0P η    v fg]hKNf{Pjaef{h0e§§_oKNPe f|_o]eP bKhjo0Pfg]Wh_~z{Ph#]m_
k + 2 − sη + (k + 2 − s)η1 = k + 1 +
(
1
η − s + k+2−sk+3−s
)





_ac 0f{¢0P¥bKhjo0P)_ac her f_ªjoPbPf|¢#P]




k + 2 − (s − 1)η − η1 = k + 1 +
(
1
η − s + 1 − 1k+3−s
)
η = k + 1 + (k + 1 − r)η]af{ebPªf|_BKh#]
s − 1 eNPf{0K,;c0dNj]c0r^P0joPP k + 1 h0er h_BOc!]m_5c#eNP)KNf{Pjaef{h0e ePf{0K,c#dNj%  
v




η − s + 2 − k+4−sk+3−s
)
η = k+1+(k+1−r)η ]af{ebPf_Kh0]h_Oc!]m_
s−2 ePf{0K,c#dNj]Gc0r^P#jaPP k+1 ; h0er_oKNPjoP]`_bc0dNzgr;PKf|;PjoeNfghe] >    v f{]"hn¢#Pja_aP¦c0§r^P#jaPPnh_kz{Ph#]m_
k +3
0_aKNPe5f|_o]eP bKh0ja#Pfg]kh_kz{Ph0]`_
k +3− (k+3)η ≥ k +1+(k+1− r)η F_oKNfg]Kc0zgrN]f"herBc0eNz{\f
k + s− r + 1k+3−s ≥ k + 2− r2 ⇐⇒ s− r2 − 2 + 1k+3−s ≥ 0
her5_aKNfg]
fg]_ajodNPUKNPe
s ≥ 2  _¨c#z|z{cn]eNc _aKh__aKPBh¢0Pjoh00Pr^P#jaPP0h0er¥KNPebP_oKNP5Oh¦^f{O­dNO h¢0Pjh#PQrNP0joPP#Gfg]h_
z{Ph#]m_






k +1+(k +1− r)η h#]LjaP%£!dNf|joPr§

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(i) τ(4) ≤ 6 F τ(5) ≤ 4 + 12 F τ(6) ≤ 4 F τ(8) ≤ 3 + 13 F τ(9) ≤ 3 F
'.
(ii) τ(4l + 2) ≤ 2 + 2l
6'1
l ≥ 1 :








(i) Mad4 = 4
]ac#!\qh0j`_ ; f > cijoc0q;c#]af|_af{c0eB}




;qhja_ ; f{f > c0"ikjac#qc!]`f|_af{c0e)!}0f{¢0P%]
τ(5) ≤ 4 + 12

Mad6 = 3










qhja_ ; f{¢ > c
ijoc0q;c#]af_of|c#ex}0­#f|¢#P]









^qhja_ ; f{f|f > c
ijoc0q;c#]af_of|c#e!}­#f|¢#P]
τ(9) ≤ 3 
(ii)





 *. 	 ff|_bhe PªPO­;PrNrNPr Uf_oKNc0dN_Bbjoc#]o]`f{eN°P%r^0P%]c0e _aKNP_oc0jod]  _¨c0z{z{cn]Q¨jac#O _aKNP




  "PrNP eNP
τt(k) := sup{cch(G) : G
fg]_ac0joc0fgrNh0z§her
Kh0]L#f|ja_aK ≥ k},
_oKNPe f_Q¨c0z{z|cn]¨jac#O ]af{OQf{zghjSbhzgbdNzgh_of|c#e]_oc)_oKNc#]aP5c>JLKPc0joPO #ux_aKh_
τt(3) ≤ 11, τt(4) ≤
6 25 , τt(5) ≤ 4 + 45 , τt(6) ≤ 4 12 , τt(7) ≤ 4, τt(9) ≤ 3 13 , τt(10) ≤ 3
h0er
τt(6l + 1) ≤ 2 + 2l¨c#jQh0e,\
l ≥ 1 ¬Vªc0joPB#PeNPjoh0z|z{\03f|~h¥]`dNjaÄh0bP S Kh0]dNz{PjbKh0joh#b«_oPjof{]`_afgb ε "_aKNPe§kd]af{eN°_oKNPkdNz|Pj © i"c0f{ebh0j~¨c0joO­dz{h!f|_U¨c0z{z{cn]_aKh_>hS#joh0qNK G POSP%rNrNh0Nz|PdNq;c0e S Uf_oKx0f{j`_oKxh_Uz|P%h0]`_ kKh0]UOh¦^f{O­dNO h¢0Pjoh00Pr^P#jaPPh_>Oc#]`_

















k = 2s + 1
  _LKh0];PPeqNjoc¢0P%rf|e¯ };_oKh_nh0e!\#joh0qNK
Hc0#f|ja_aK
k












− 4(r − 1)k
k − 2 ≤ 0.
;  >
JLK,d]3P
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"JLKNPjaP¨c0joP0hqNqz|\,f{eN~qhja_ ; f|f > cijoc0q;c#]af|_af{c0eS!}UUf|_aK
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* e¯c#d^_aPjaqz{h0ehjW0jhqNK¯f{]h#joh0qNKª_aKh_­bh0e°;Pr^johUe¯f|e¥_oKNPqNz{h0eNP]`dbK)_aKh__aKPQc#d^_aPjWÄh0bP
bc0e!_oh0f|e]P¢0Pja\5¢#Pja_aP¦5c_aKNP#joh0qNK§"¡Nc0jnh0e,\
k ≥ 3 ^Pr^P eNP
τo(k) = sup{cch(G) : G
f{]nc0d^_oPjoqNz{h0ehjUh0erBKh0]L0f{ja_aK ≥ k}
¤¥PUf{z|zG]aKNc _oKNP¨c0z{z{cUf|eNQ_oKNPc#jaPO C
%  ²,¶  ² 	   
τo(k) = 2 +
2
k−2
6		 ' 0 (0%






  ¶(%k¶ Ä ¶      -
k ≥ 3 :  ' '1 0 ()0 n ≥ 1  00=09-,%' 
 0 3 	' <(.93 Ok,n<6 (& 
k 8 6304
	5%69%0:'1
/4%0 , 	0%3& 2 + 2k−2 − 1n
:
  ¶§¶­¶  * ²; #GP_
t = 2 + 2k−2 − 1n
F3bKNc,c#]aP

































(p, q) © L © bc#z|c#dNjaP%r * ]_oKNP~bhzgbdNzgh_of|c#e]h0jaPzghjo0Pz|\Q]`f{Of|zghjk_ac_oKNc#]aP>c0ijac#qc!]`f|_af{c0e]}J­her5}!w,#h0er5hf__aPrNf|c#d]!Plmd]`_#f|¢#PU_aKNP~qNjoPbfg]aP
rNP eNf|_af{c0e
c§_oKNPWz|fg]m_]¨c0j¢0Pja_afgbP%]















(p, q) © L © bc#z|c#dNjaP%rZ^P_
Jt = [ct, ct + (4n − 2(k − 2))(t + 1)]
¨c#j




It = [ct−1 + 4nt − 2(n + t)(k − 2) + 1, ct−1 + 2(k − 2)n − 1]
¨c0j
i ∈ {1, . . . , k − 2}.
#GP_
L(xi) = Ii ∪ Ji
¨c0j
i ∈ {1, . . . , k − 3},
L(x0) = [a]q ∪ J0,
her
L(xk−2) = [aq ] ∪ Ik−2 ∪ J ′0,UKPjoP


















i ∈ {0, . . . , xk−3}
JLKPjoP¨c0joP0
c(xk−2) ∈ J ′0
 
 c0_afgbP~_aKh_ |J ′0| < |J0|
; ]af|ebP
k ≥ 3 >  %nPebP0,,\Br^P eNf{eNheh0z|c#0c0d]`z{\­_oKNPz|fg]`_o]¨c#j
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2 + 2k−2 + ε
)
© (p, q) © z{f{]`_ © h0]o]`f{0eOQPe!_c0 G ]`dbK°_oKh_ G fg]eNc_ (p, q) © L ©bc0z{c0dNjhz|P#Rz{Ph0jaz{\0
G















(p, q) © L © bc0z{c0djaf{eN­c0 G hbc0e!_ajh0r^fgb«_of|c#e§ 
     	 !    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3 4 5 6 7 8 9 10 k ≥ 11
τt(k)
dNqNq;Pj




2 4 4 3 +
1





8 6 4 + 12 4 4 3 +
1
































T © qNjac#qPj3bc0z{c0djaf{eNc G f{]hbc0z{c0djaf{eNW_aKh_]oh_afg] P] |c(v)− c(u)| 6∈ TUKPeNP¢0Pj
uv ∈ E(G)   e T © bKNc,c#]ohf|z{f_m\ T © ch(G) c0 G fg]_aKNP°z|P%h0]`_e,dNOSPj k ]adbK _aKh_h0e,\¬z|fg]`_
h0]o]`f{0eOQPe!_
L
Uf|_aK |L(v)| ≥ k ¨c#jBhz{z v ∈ V (G) h#r^Of_]5h T © qNjac#qPjbc0z{c0djaf{eN cUf|_aK
c(v) ∈ L(v) ¨c0jhz{z v  * e f|Oq;c0ja_oh0e#_]aqP%bfghznbh#]`PB_aKh_Kh0]QjoPbPf|¢#Pr h°z{c_cW]`q;Pbf{h0zh_`_oPe!_af{c0e¬fg]S_aKNPxbh#]`P
UKNPe





0f{¢0Pe f{e _aKf{]Bqhq;Pj5P¦,_aPer _ac




Tr © bKc!c!]ah0Nf{z|f|_m\ªher¥bf{jobdNzghjbKNc,c#]ohNf{z{f_m\#  _fg]W¨c0jf{e]`_ohebP®,eNcUe°_oKh_
Tr © ch(C2n) =
⌊
4n−2




cch(C2n) ≥ cch(K2) = 2
  _
Kh0]jaP%bPe!_oz|\bc#OPn_acSc0dNjLh_a_aPe#_of|c#e_aKh__aKNP
Tr © heh0z|c#0dNPUc0Gijoc0Nz{PO Kh0]PPeBf{e,¢0P%]m_of|!h_aP%r,\5¤h_oPj]|H NUKNcKh0]U]aKNcUe
_aKh_
Tr © ch(G) ≤ 2(r + 1) ¨c0jnh0z|zG0jhqNK]Uf|_aK ch(G) ≤ 2 
   L    U
| 
  * z|c#e§ 	~P#jaPP]Uh0erªbKNc0fgbPe,dNOSPjo] './ 1D&
0 1 	 (&
/ J ; H > C JH^.J#N
}00#N
 } 
  * z|c#e§nZ. %>c!c#ja\#h0er 
  #Gf|ef{h0z' JLKNP)Vªc,c0joPxc#dNer ¨c0jBf|jojaP0dNzghj#joh0qNK]  9362
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